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We consider flag-transitive xtensions of the dual Petersen graph satisfying one 
of the following "pathological" properties: 
(-riLL) there are pairs of collinear points incident o more than one line; 
(-TT) there are triples of collinear points not incident o the same plane. 
We prove that ihere is just one example-satisfying (~LL), with six points and $6 
as its automorphism group, and there are just four examples atisfying (7  T), with 
18, 16, 32, and 32 points and groups 3 -$6 ,24 .  $5 ,25 '  $5, and 25 -As, respectively. 
The paper is organized as follows. In Section 1 we recall some known results and 
we explain some motivations of our investigation. The examples we will charac- 
terize are described in Section 2. The characterization theorems are stated in 
Section 3 and proved in Sections 5 and 6. In Section 4 we state some lemmas, to 
be used in Sections 5 and 6. © 1995 Academic Press, Inc. 
1. INTRODUCTION 
1.1. Definitions and Notation 
An extension of the dual Petersen graph is a 
belonging to the diagram, 
c P* 
points lines planes 
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where the label c denotes the class of circular spaces, i.e., finite linear spaces 
where all lines have just two points, and P* denotes the partial plane 
whose points and lines are respectively the 15 edges and the 10 vertices of 
the Petersen graph, with the incidence relation inherited from that graph. 
We call this partial plane the dual Petersen graph. Clearly, the dual 
Petersen graph has orders 2 and 1. Thus, an extension of the dual Petersen 
graph has orders as follows: 
c P*  
1 2 1 
Let F be an extension of the dual Petersen graph. As / "  has order 1 at 
the first node of the diagram, the points and the lines o f / "  form a graph, 
possibly with multiple edges. We call this graph the point-line graph of F, 
denoting it by F °' ~. By F °' ~ we denote the simple graph associated to F °' 1, 
that is, the graph with the same vertices and edges as F °' 1, except that 
every edge is now given multiplicity 1. We call po, 1 the point-graph of F. 
Its adjacency relation is the collinearity relation of/ ' .  
The shadow a(u) of a plane u of F is the quadruple of points incident 
to u. Trivially, shadows of planes of F are 4-cliques of F °' 1. We say that 
a 3-clique X of/~o, 1 is good if X~_ a(u) for some plane u of F. Otherwise, 
we say that J( is bad. 
We denote the following properties by (LL) and (T): 
(LL) (Linearity) any two collinear points are incident to just one 
common line (that is, F °' l _-/~o. i ); 
(T) (Triangularity) there are no bad 3-cliques in/~o, ~. 
The dual Petersen graph has gonality 5. Using this information one can 
easily prove that, if (LL) holds in F, then a 4-clique of F °' 1 containing at 
least three good 3-cliques is the shadow of a plane. Therefore, if both (LL) 
and (T) hold in I ,  then the 4-cliques of/~o, 1 are the shadows of the planes 
of F and there are no 5-cliques in f0, ~. 
1.2. Amalgams 
Henceforth /~ is a flag-transitive xtension of the dual Petersen graph 
and G is a flag-transitive subgroup of Aut(F). Given a flag F o f / ' ,  G F 
denotes the stabilizer of F in G and Kv is the kernel of the action of G F 
on the residue /'F of F, namely the elementwise stabilizer o f / ' F  in G F. We 
will often omit brackets in subscripts, writing Gx, G~,p, K x, etc. for 
G(x~, G~x,y~, K~,  etc. Given a chamber C=(xo, Xl,X2) of F, we write 
G i and Ki for Gx, and Kx,, Gi, j and Ki.j for Gx,, ~ and Kx~,~j, and B for 
Go. 
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The following lemmas gather some information on the subgroups 
Go, G1, G2 given in Meixner [ 10]. The same results had been obtained by 
Buekenhout and the first author of this paper [4],  but they assumed (LL) 
on / ' .  
LEMMA 1,1. Ko = 1. 
COROLLARY 1.2. G o= S 5 or As.  
(Indeed these are the two flag-transitive automorphism groups of the 
dual Petersen graph.) Go, 1, Go, 2, and B can easily be recognized inside Go. 
Let us turn to G 1 and G 2. In particular, we see that B = 22 or 2, according 
to whether G O = S~ or As. As F has order 1 at the first and last nodes of 
the diagram, K1 = B. 
As G is flag-transitive and residues of planes are circular spaces, G2 acts 
2-transitively on the four points incident to x2. Hence G2/K2 = $4 or A4. 
LEMMA 1.3. G2/K z =- S 4. Furthermore, K 2 = 1 or 2, according to whether 
Go=As  or $5. 
Thus, G1, 2 = 22 or 2.22, according to whether Go = A5 or S 5. 
LEMMA 1.4. Let Go = $5. Then G 1 2 = 23 and G2 = 2 x $4. 
LEMMA 1.5. I f  G O = $5, then G 1 = 2 x Ds. I f  G O = As,  then G 1 = 23 
or Ds. 
This lemma does not say how B is placed inside G1 when Go = $5. 
Recalling that B=K1 ~ G1 and that B= 2 2 when G o = $5, we find only 
two non-isomorphic possibilities: either B is the centre of G 1, or it is one 
of the two normal subgroups of type 2 2 contained in the factor Ds of G1 
(see [10]). Thus, there are four amalgams to consider, corresponding to 
the following cases [ 10]: 
(I,A) Go=As  andGl=2 3; 
(I.B) Go = $5 and B is central in G1; 
(II.A) Go=As and G I=Ds;  
(II.B) Go = $5 and B is not central in G1. 
We do not give relations describing each of the above cases. We do not 
need them for the main theorems of this paper. The reader can find such 
relations in [ 10]. We will also turn to them in Section 7 of our paper, but 
only for the cases (I.A) and (II.A). 
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Let G be the amalgamated product of the subgroups Go, G1, G2, of G, 
with amalgamation of the intersections Gi, j (0 ~< i < j  ~< 2). Then ~ defines 
the universal cover/~ of the geometry F (see [ 11, 12.4.3]). There are four 
possibilities for the amalgamated product ~, corresponding to the four 
cases (I.A), (I.B), (II.A), (II.B). Let us call them G I'A, G I'B, G IIA, and G ~B 
and let F Ia, F IB, F HA, and F ~I-B be the simply connected geometries they 
define. 
PROPOSITION 1.6 (Meixner [ 10]). F I'A= F ~B and F II'A= ffn.B. 
Thus, we write F ~ for F IA or F I'B and F II for F Ira or F HB. We say that 
F is of type I or II, according to whether its universal cover is F ~ or ffii. 
PROPOSITION 1.7 (Meixner [10]). Both F I and F II are infinite. 
1.3. The Problem We Discuss in This Paper 
A complete classification of all flag-transitive xtensions of the dual 
Petersen graph is equivalent to a classification of all normal subgroups of 
G I'A and G n'A. One might pursue a less ambitious programme, trying to 
classify finite examples only. The first step in this programme might be to 
discover a property characterizing finiteness in this context. Algebraic 
properties that might do that will be suggested at the end of this paper 
(Section 7). Unfortunately, we have not been able to understand their 
geometric meaning. Thus, we move one more step back. Imitating a 
strategy adopted by Weiss [13-15] and Van Bon [12] in their investiga- 
tion of extended generalized hexagons and octagons, we assume that one 
of the properties (T) or (LL) is false. It turns out that this hypothesis forces 
finiteness. Moreover, it severely restricts the range of possible examples and 
we can classify them (see Section 3). 
However, it is likely that infinitely many finite examples exist satisfying 
both (T) and (LL) (see Section 7; an example of that kind is the geometry 
Af(e), to be described in the next section). Thus, the problem of describing 
all finite flag-transitive quotients of F ~ and F ~ is far from being solved. 
2. SOME FINITE EXAMPLES 
2.1. Four Examples of Type I 
2.1.1. Projective Embeddings and Affine Extensions 
We need to recall some general facts on embeddings and affine exten- 
sions before coming to the examples. 
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Let H= (P, L~ °) be a finite partial plane, with set of points P and set of 
lines ~.  Assume furthermore that H admits orders q, t with q a prime 
power. 
A projective mbedding co: H--* PG(n, q) is an injective mapping q~ from 
P to the set of points of PG(n, q) such that ~0(P) spans PG(n, q), q~(X) 
spans a line )( of PG(n,q) for every XsS¢ and XCY if Xv aY (for 
x, Y~ ~). 
We set q~(5~)={J(]XsSe}. Then q~(H)=(~0(P), 9(L#)) with the 
incidence relation inherited from PG(n, q) is an isomorphic opy of H. 
Given a projective mbedding q~: H~ PG(n, q), we can define a geometry 
of rank 3 as follows. The embedding q~ can be viewed as an embedding of 
H into the geometry at infinity of the affine geometry AG(n + 1, q). Take 
the points of AG(n+ 1, q) as points. As lines (planes) we take the lines 
(planes) of AG(n+ 1, q) with point (line) at infinity in cp(H). As the 
incidence relation we take the natural one, inherited from AG(n + 1, q). 
The reader can see [ 3 ] (also [ 11, 2.3 ]) for the proof that this construction 
gives us a connected geometry. We call this geometry the affine extension 
of H defined by the embedding cp (also, the affine extension of ~o, for short) 
and we denote it by Af(q)). Note that Af(~o) belongs to the following 
diagram: 
Af  13 
q - -1  q t " 
points lines planes 
(where q -  1, q, t are the orders, Af  denotes the class of affine planes and 
H denotes the isomorphism type of H). Trivially, Af(q~) is flag-transitive if 
the stabilizer Gr: of q~(H) in PFL(n + 1, q) acts flag-transitively on q)(H). 
If that is the case, then T:Z. GrI is a flag-transitive automorphism group of 
Af(q)), where T is the translation group of AG(n + 1, q) and Z is the centre 
of GL(n + 1, q). 
2.1.2. Embedding the Dual Petersen Graph in PG(n, 2) 
Let now H= (P, ~)  be the dual Petersen graph. There exists a projective 
embedding e:H~ PG(5, 2) (see [4, Section 5]). The stabilizer G/7 of e(H) 
in L 6 (2) is isomorphic with $5 and it is contained in the stabilizer of a 
uniquely determined point-line flag (P0, L) of PG(5, 2), with L c~ e(P) = ;25. 
Grx permutes the two points Pl, P2 of L other than P0. Its commutator sub- 
group G~=As, being simple, is forced to fix both Pl andp2. Both Gr: and 
G~ act flag-transitively on e(H). Every plane of PG(5, 2) through L meets 
e(P) in just one point (see [4]). Thus, every line of PG(5, 2) intersecting 
L meets e(P) in at most one point. 
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It is now clear that we can embed H in PG(4, 2) in two ways. Indeed, 
we can embed /7 either in the star of P0 in PG(5, 2) or in the star of Pi 
(i = 1 or 2). Let r/+ be the embedding of H in the star ofpo and let q -  be 
the embedding of H in the star ofpi  (i = 1 or 2). 
The stabilizer of r/+(H) in L5(2 ) is the full automorphism group S 5 of 
H; hence it acts flag-transitively on t/+(H). Clearly, its commutator sub- 
group A 5 is also flag-transitive on t/+(H). The embedding r/+ can also be 
described as follows. Let J be a spread of the generalized quadrangle 
~= Q4(2), naturally embedded in PG(4, 2). We get t/+(H) by removing 
the five lines of Y. Note also that the line L of PG(5, 2) appears as the 
nucleus of ~ in PG(4, 2). We call t/+ the quadratic embedding of H. 
Let us turn to r/-. The stabilizer of q - ( / / )  in L5(2) is As, which also 
acts flag-transitively on r/ (H). It fixes L, which is now a point of the star 
ofpi.  
Finally, we can also embed/7 in the star of L in PG(5, 2), thus obtaining 
a projective mbedding O: H ~ PG(3, 2). The stabilizer of O(H) in L4(2) is 
the full automorphism group $5 of/7. Note that 0 can also be viewed as 
a "quotient" of both ~/÷ and ~/ . In particular, recalling that we obtain ~/+ 
by removing a spread from ~ = Q4(2) and that L is the nucleus of the 
quadric ~, we see that 0 can also be described as follows. Let 5 ° be a 
spread of the generalized quadrangle W(2) for the symplectic group $4(2), 
naturally embedded in PG(3, 2). If we remove 5O from W(2), then we 
obtain O(H). Thus, we call 0 the sympIectic embedding of H. 
LEMMA 2.1. The symplectic embedding is the only projective mbedding 
of H in PG(3, 2). 
Proof. Let A be the reflexive closure of the relation "being at distance 3" 
between points o f / / .  A is an equivalence relation on the set P of points 
o f / / ,  with five classes, each of size 3. We can form a new set • '  of lines 
by adding the five classes of A to the set 5~ of lines of H. It is 
straightforward to check that (P, 5¢') is isomorphic with the generalized 
quadrangle W(2) and that the five classes of A form a spread in it. Hence 
we can form a third set of lines 5e" by adding the 20 hyperbolic lines of 
W(2) to the set 2 ~' of lines of W(2). Thus we obtain a model (P, 5~") 
of PG(3, 2) and the identity mapping id: H~ H can be viewed as an 
embedding (Dia of H in that model of PG(3, 2). Clearly, if (0 is any other 
projective mbedding of H in PG(3, 2), then there is just one isomorphism 
t): (P, S") ~ PG(3, 2) such that @(Did = (D" 
2.1.3. The Geometries Af(e), Af (q + ), Af(~- ), and Af( O) 
By anne extension, we obtain flag-transitive xtensions Af(e), AfOl +), 
Af(q-), Af(O) of the dual Petersen graph, starting from the embeddings e,
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r/+, q - ,  and 0 considered above. These are the geometries of Examples 1, 
2, 4, and 3 of [4] (Af(O) is also described in [10, Example (1)]). Their 
automorphism groups are split extensions 26.$5, 2s-$5, 2S.As, and 
24.85, respectively. However, 26.A5, 2 s.AS, and 24.As also act flag- 
transitively on Af ( e ), Af  ( ~l + ), and Af ( O). 
It is straightforward to check that Af(O) is of type I (see also [10]). 
Clearly, Af(O) is a quotient of both Af(~l + ) and Af(rl-) and the latters are 
quotients of Af(e). Therefore Af(tl+), Af(yl-), and Af(e) are also of 
type I. 
The property (EL) holds in Af(e), Af(~l+), Af(~l-), and Af(O). On the 
other hand, Af(e) is the only one of these geometries where (T) holds. 
Indeed, let c? = e, ~/+, r/-, or 0 and n = 5, 4, 4, 3, respectively. Let J( be 
a 3-clique of the point-graph of Af(~o) and let u ~ be the line at infinity of 
the plane u of AG(n + 1, 2) containing X. Then u ~ is contained in the set 
of points of q~(H) but it might not be a line of ~o(H). The plane u belongs 
to Af(q~) if and only if u ~ is a line of q~(II). We say that a line of PG(n, 2) 
is c#-bad if it is not a line of ~0(H) but it is contained in the set of points 
of cp(H). A plane of AG(n + 1, 2) with a cp-bad line as line at infinity is 
a 4-clique of the point-graph of Af(cp) without being a plane of Af(~o). 
Hence (T) holds in Af(~o) if and only if there are no cp-bad lines. It is 
straightforward to check that there are no ~o-bad lines in PG(n, 2) if and 
only if q~ = e. 
2.1.4. Another Way to Construct Af(t 1 +) 
Let 2~ be the polar space for the symplectic group $6(2), naturally 
embedded in PG(5, 2) and let H be a hyperplane of PG(5, 2). Then H=p ± 
for some point p of ~, where _1_ is the collinearity relation of ~. We denote 
by .~a, the affine polar space obtained by removing H from N. Note that 
~v  can be viewed as a subgeometry of AG(5, 2)=PG(5,  2 ) - / / .  The 
points of ~ are the points of AG(5, 2) and the lines and planes of 2 ~u can 
be viewed as lines and planes of AG(5, 2). Let 5 p be a spread of the residue 
@ o fp  in 2~. Note that 5 ~ consists of five planes of N on p. Let ~/~' s~ be 
the geometry obtained from 2 ~/~ by removing the planes of ~n with line at 
infinity contained in some of the planes of 5 °. 
LEMMA 2.2. .~I'S~-Af(rl+). 
Proof Let 2~ be embedded as Q6(2) in PG(6,2). The hyperplane 
H=p -c of ~ spans a hyperplane H of PG(6, 2). Every line of PG(6, 2) 
through p but not in / ]  is non-singular; hence it meets 2 ~v in at most one 
point. However, there are just 32 such lines and ~r  has just 32 points. Thus 
we can also embed 2 ~ in the five-dimensional ffine geometry obtained by 
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removing/1 from the star ofp. The residue @ ofp  is embedded as Q4(2) 
in the star / tp~PG(4 ,2)  of p in /q~PG(5,2) .  Thus, .~H is the affine 
extension of the embedding of Q4(2) in PG(4, 2) (we warn that the 
embedding of NH in AG(5, 2) constructed in this way is not the same as 
we obtained when we just removed H from PG(5, 2)). It is now clear that 
~H'~--Af07+). |
Remark. The previous lemma could also be proved in a less straight- 
forward way. Let F '  be the affine extension of the embedding of 9 = Q4(2) 
in PG(4, 2). Clearly, if we remove from F '  the planes with line at infinity 
belonging to a given spread 50 of 2, then we obtain Af(r 1 ÷ ). On the other 
hand, F '  is a (possibly improper) quotient of an affine polar space, by a 
theorem of Cuypers [ 7 ]. By counting the elements of F '  one can see that 
F '  is in fact the affine polar space ~/cons idered  above. 
By a similar argument one can also prove that Af(O) is a subgeometry 
of the quotient of N~ obtained by identifying pairs of points of N,v on a 
same line through p. 
2.2. Two Examples of Type H 
2.2.1. Embedding the Dual Petersen Graph in PG(2, 4) 
We have remarked in 2.1.2 that the dual Petersen graph can be obtained 
by removing a spread from the generalized quadrangle W(2) for $4(2). On 
the other hand, it is well known that we can construct a model of W(2) in 
PG(2, 4) as follows. Given a hyperoval Jg of PG(2, 4), let P~ and &%~ be 
the set of points of PG(2, 4) external to ~ and the set of lines of PG(2, 4) 
intersecting ~,  respectively. Then ~/U:~ = (P~,  ~) ,  with the incidence 
relation inherited from PG(2, 4), is isomorphic with W(2). Let x be a point 
of 2/g. The five lines of PG(2, 4) through x form a spread 5 ° of the 
generalized quadrangle ~.  Therefore, if we remove 50 from ~x,~, we get 
a model //,x~ of the dual Petersen graph H in PG(2, 4). That is, we have 
constructed an embedding e~, x of H in PG(2, 4). 
2.2.2. The Geometry I~( ~ ) 
Let ~ be a hyperoval of the plane at infinity PG(2, 4) of AG(3, 4). Given 
a point Po of AG(3, 4), let X1, X2 ..... X6 be the six lines of AG(3, 4) 
through P0 with point at infinity in H .  We can define a geometry F(~() of 
rank 3 as follows. (~)/6=1 X i )  --  {Po} is the set of points of F(X(/£). The planes 
(lines) of F (~)  are the planes (lines) of AG(3, 4) not containing P0 and 
intersecting four (respectively, two) of the lines XI, X2 ..... X 6. The 
incidence relation is the natural one, inherited from AG(3, 4). 
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It is easy to check that F (~)  is an extension of the dual Petersen graph: 
Note that, given a point p of F(~ZF) and denoting by x the point at infinity 
of the line joining p with Po, the function mapping every line (plane) X of 
the residue of p in F(2/F) onto the point (line) at infinity of X is just the 
embedding eje, x defined in the previous subsection. 
The automorphism group of /'(24 ~) is the stabilizer of ~ in FL3(4) 
(which is the stabilizer ofpo in AlL  3 (4)). Whence Aut(F(X/f)) is the non- 
split extension 3• $6 and it is not difficult to check that it is flag-transitive 
on F(~4~). Its commutator subgroup is 3 .A  6 = SL3(4 ) c5 Aut(F(~f~)), flag- 
transitive on F(X).  It is straightforward to check that F (~)  is of type II. 
It satisfies (LL) but not (T). 
2.2.3. A Quotient of F(-Jf) 
Let Z be the centre of SL3(4). We can factorize F(.Jg) over Z, thus 
obtaining a flag-transitive quotient of F (~) .  We denote it by F (~) /3  
(this is the geometry of Example (2) of [10]). As Z is normal in 
Aut(F(~W)), we have Aut (F (~) /3 )=Aut (F (~) ) /Z=S6.  However, A6 
also acts flag-transitively on F(~)/3.  As F (H)  is of type II, F (S ) /3  is 
also of type II (see also [10]). It is easy to check that (LL) fails to hold 
in F(J(F)/3. 
2.2.4. Other Ways to Construct F(•)/3 
It is clear that F(J/t~)/3 can be realized in the projective plane PG(2, 4) 
as follows. Its points are the six points of the hyperoval ~f. Its lines can be 
viewed as point-line flags (x, X) with x ¢ ~ and X~ ~ # ~.  The planes of 
F are unordered quadruples of points of ~ .  A point a ~ J f  and a line 
(x, X) of F (~) /3  are incident if a ~ X. A line (x, X) and a plane Y= 
{a, b, c, d} are incident if X~ ~ _ Y and x belongs to the line joining the 
two points of Y not in X. A point a and a plane Y are incident if a ~ Y. 
Given a line (x, X) of F (~) /3 ,  let Y1, I"-2 be the two lines of PG(2, 4) 
through x, different from X, and intersecting ~.  The pairs of points 
YI ~ ~ and Y2 c~ H uniquely determine Y1 and Y2. These in turn deter- 
mine x. Whence they determine X too, which is the third line on x inter- 
secting 240. 
Thus, /'(~4~)/3 can also be described as follows. Its points are the 
elements of a set S of size 6 (S is ~ in the above). The unordered quad- 
ruples of elements of S are the planes. The lines are the pairs { YI, Y2} of 
disjoint pairs of elements of S. A point a ~ S and a line { Y~, Y2} are 
incident if a q~ Yi w Y2. A line { Y1, Y2} and a plane X are incident if one 
of Y1 and II2 is the complement of X in S. A point a and a plane X are 
incident if a~X. This is the way in which F (~) /3  is described in [ 10] 
(Example (2)). 
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2.3. Summary 
We summarize some of the properties of the previous examples in the 
next table: 
Geometry Type (LL) (T) Group 
Af(e) I Yes Yes 2 6. S 5 
Af(q + ) I Yes No 2 5. $5 
Af(t l -  ) I Yes No 2 5. A 5 
Af(O) I Yes No 2 4. S 5 
F(~/g) II Yes No 3. $6 
F(-)~)/3 II No Yes $6 
3. THE MAIN THEOREMS 
In the next theorems F is a flag-transitive extension of the dual Petersen 
graph. Note that we do not assume that / "  is finite. 
THEOREM 3.1. I f  (LL) does not hoM in F, then F= F(~) /3 .  
THEOREM 3.2. I f  (LL) holds in F but (T) does not hoM in it, then F is 
one of the geometries Af(O), Af(8+), Af(q-) ,  and F(~) ,  described in 
Section 2. 
We will prove Theorem 3.1 in Section 5. Theorem 3.2 will be proved in 
Section 6. In the next section we state some lemmas, to be used in Sections 
5 and 6.. 
4. SOME LEMMAS 
4.1. Some Properties of the Dual Petersen Graph 
Let H be the dual Petersen graph, as in Section 2, and let A be a flag- 
transitive subgroup of Aut(H) (hence A = A 5 or $5). The point-graph of H 
has diameter 3 and valency 4. 
Let A be the reflexive closure of the relation "being at distance 3" in/7. 
As we have remarked in the proof of Lemma 2.1, A is an equivalence 
relation, with five equivalence classes, each of size 3. The group A, being 
transitive on the set of points of H, acts transitively on the set of pairs 
(x, X) with X an equivalence class of A and x e X. Therefore A acts trans- 
itively on the set of unordered pairs of points at distance 3 in H. If A = $5, 
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then A is also transitive on the set of ordered pairs of points o f / /  at 
distance 3. In any case, A acts faithfully on the set of equivalence classes 
of A. 
Given a point x of H, we denote by Ax the stabilizer of x in A. Ax acts 
transitively on the neighbourhood of x. There are eight points at distance 
2 from x, forming an octagon Ox in H. If A = $5, then A x acts transitively 
on 0 x.  
Let A = As. Then Ax has two orbits of size 4 on O~. More precisely, let 
X= {x, y, z} be the class of A containing x and let x~, y~, and z~ be the 
neighbourhoods of x, y, z in the point-graph of H. Each of x ~, y ~, and z 
consists of four points, forming a disconnected graph with two edges. 
O~=y~ wz~ and y~, z~ are the two orbits of A~ on Ox. Note that the 
stabilizer Ax of X in A = A 5 acts as Z3 on X. Therefore A~ = Ay = A~. 
4.2. Pairs o f  Lines and Multiplicity 
Henceforth F is a flag-transitive xtension of the dual Petersen graph 
and G is a flag-transitive subgroup of Aut(F). Given a point a, let x, y be 
two lines of F incident to a. Let da(x, y) be the distance from x to y in the 
residue Fa ofa.  If i=da(x ,  y), then we say that {x ,y}  has type i at a. We 
denote by Aa the reflexive closure of the relation "forming a pair of type 3 
at a." Aa is an equivalence relation on the set of lines on a, with five classes 
of size 3 (see the previous subsection). 
We denote the collinearity relation of F a by ~ ,. Given a line x on a, 
Oa, x denotes the set of lines on a forming a pair of type 2 with x. As we 
have remarked in the previous subsection, O~, ~ is an octagon in F a. If 
{x ,y ,z}  is the class of A~ containing x, then we set {O+~,O2,~}= 
{y-°, z-"}. Clearly, { O~,  O~,x} is a partition of O~, ~. 
The next statements are just rephrasings of properties of the dual 
Petersen graph mentioned in the previous subsection. 
LEMMA 4.1. Given a line x on a, the stabilizer G~, ~ o f  a and x in G is 
transitive on the set o f  lines on a forming a pair o f  type 1 with x. 
LEMMA 4.2. Let x be a line on a and suppose that G, = $5. Then Ga, ~ is 
transitive on Oa, x. 
LEMMA 4.3. Let x be a line on a and suppose that Ga=A s. Then 0 + and a,  x 
O~,,x are two orbits o f  Ga, x on 0~, ~. 
LEMMA 4.4. Ga is transitive on the set o f  unordered pairs o f  lines on a that 
are equivalent in A,.  Furthermore, Ga=S5 if and only if Ga is transitive on 
the set o f  ordered pairs o f  distinct lines on a corresponding in A a. 
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LEMMA 4.5. Ga acts transitively and faithfully on the set of equivalence 
classes of A a. 
Given a plane u, G, acts as $4 on the four points of the shadow o-(u) 
of u (Lemma 1.3). The relation on the lines of F given by "are incident 
to the same pair of points" is an equivalence relation preserved by G. Its 
equivalence classes correspond to edges of the point-graph F °" 1 of F. 
Hence G is transitive on the set of edges of/~o, 1. Therefore we have the 
following. 
LEMMA 4.6. All edges of the point-line graph F °" 1 of F have the same 
multiplicity. 
We denote that multiplicity by 7 and we call it the line-multiplieity of F. 
Trivially, (LL) holds in F if and only if ? = 1. 
4.3. More Notation 
We denote the diameter of the point-graph of F by dr and we call it the 
diameter of F. The collinearity relation of F (that is, the adjacency relation 
of F °'1) will be denoted by ~.  Given a point a of F, a -  is the 
neighbourhood of a in/~o, 1. Given a set X of points of F, we write X -  for 
NxeX X~ . 
Given two points a, b of F, we denote their distance in/~o, 1 by d(a, b). 
5. PROOF OF THEOREM 3.1 
Throughout this section F is a flag-transitive xtension of the dual 
Petersen graph with line-multiplicity 7> 1 and G is a flag-transitive sub- 
group of Aut(F). 
LEMMA 5.1. Let a be any point of F and let x and y be lines through a. 
Then x and y are equivalent under A a if and only if they are incident to the 
same pair of points. 
Proof If u is any plane incident with a, then u is incident with three 
lines through a which are necessarily incident with distinct pairs of 
points. Therefore 7 < 15 and the equivalence classes of lines through a 
under the relation "are incident to the same pair of points" are blocks of 
imprimitivity for G a acting on the 15 lines through a. For any line x 
through a there is a unique proper subgroup H of Ga with Ga, x < H. Hence 
there is a unique system of blocks of imprimitivity, and the blocks are the 
just the classes of A a. The result follows. | 
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LEMMA 5.2. dr = 1. 
Proof Let a be any point. Then Ga acts transitively on the subgraph of 
/~0, 1 induced on the neighbourhood a -  of a. Let u be any plane containing 
a and let {a, b, c, d} =cr(u). Then {b, c, d} is a 3-clique in a~. However, 
a -  has five vertices by Lemma 5.1. Hence it is a complete graph. Therefore 
dr=l. I 
By Lemma 5.2, po, 1 is a complete graph and F has six points. Counting 
point-plane flags in two ways we see that F has 15 planes. Hence F has 
45 lines. We can now finish the proof of Theorem 3.1. 
Let K be the stabilizer in G of all points of F. Then K is a normal sub- 
group of Ga fixing all classes of A~. Hence K= 1 by Lemma 1.1. That is, 
G acts faithfully on the set of points of F. Therefore G is a subgroup of $6. 
As Ga=A5 or $5 for a point a, we have G=A 6 or $6. 
Every plane of F is incident o four points, G ( = A6 or $6 ) is 4-transitive 
on the six points of F, there are just 15 planes in F and we can form just 
15 unordered quadruples of objects with six objects. Thus, the planes of F 
bijectively correspond to the unordered quadruples of points of F. That is, 
we can identify a plane u with its shadow o-(u) and every quadruple of 
points of F is (the shadow of) a plane of F. 
We must still describe the lines of F. Assume that G=A6 (the case of 
G = $6 is similar to this one; we leave it for the reader). Then, given a plane 
u = {a, b, a', b'} of / ' ,  we have G, = S 4 and Ga = As. Let a" and b" be the 
two points of F not in u and let x be the line of u incident o a and b. We 
have Ga.x = 22. In Gu we see that Gx,, = 22 and that G . . . . .  = 2. Further- 
more, Gx=D8 (a Sylow 2-subgroup of A6), because F has 45 lines. The 
flag (x, u) can be identified with the ordered partition ({a, b}, {a', b'}, 
{a", b"}) of the set of points of F. G x fixes {a, b}. Hence it acts on {a', b', 
a", b"}. There are just two planes on x. Hence the orbit of {a', b'} under 
the action of G x on {a', b', a", b"} has size 2 and Gx stabilizes the partition 
{{a', b'}, {a", b"}} of {a', b', a", b"}. Thus, we can identify x with the 
unordered pair of pairs { {a', b'}, {a", b"} }. 
It is now clear that _F= F(Yg)/3 (compare the last description given for 
this geometry in 2.2.4). 
6. PRoof OF THEOREM 3.2 
Throughout his section F is a flag-transitive xtension of the dual 
Petersen graph and G is a flag-transitive subgroup of Aut(F), as in the 
previous section, but we now assume that 7 = 1 (that is, (LL) holds in F). 
We also assume that (T) does not hold in F. 
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By (LL), F °' 1 =/~0, l and we can identify a line of F with the pair of its 
points. Furthermore, (LL) implies that the Intersection Property holds in 
F [ 11, 7.3 ]. Thus, we can identify a plane u of F with its shadow a(u), 
writing x ~ u to say that a line x and a plane u are incident, and a s u to 
say that a point a and a plane u are incident. 
Given a 3-clique Jr- and two lines x, y c X, we say that x and y form J(. 
There are bad 3-cliques in F °' 1, as (T) fails to hold. Let X be a bad 
3-clique. All pairs of lines contained in J( have type 2 or 3 in the residue 
of their common point. We have a number of cases to examine: 
Case 1. For every point a, all pairs of lines of type 2 at a form bad 
3-cliques; 
Case 2. For every point a, all pairs of lines on a forming bad 3-cliques 
are of type 3; 
Case 3. Given any two collinear points a and b, only four of the 
eight lines on a forming pairs of type 2 with {a, b} form a bad 3-clique, 
together with {a, b}. 
By the flag-transitivity of G and by Lemmas 4.2, 4.3 and 4.4, the above 
are the only cases that can occur. 
6.1. Case 1 with dr> 1 
Let Case 1 occur and let dr > 1. We will prove that F~F(~/g). 
As dr>l, there is a path (a, b, c) of F °'1 with a~Zc. ({a, b}, 
{b, c})sA b, since we are in Case 1. By Lemma 4.4, for every point b all 
pairs ({a, b}, {b, c})~Ab give us a pair of points a, c at distance 2 in F °,1 
Hence, given points a, b, c with a, c e b- ,  we have a ~z c if and only if 
({a,b}, {b,c})~Ar), since we are in Case 1. Therefore F °'1 is locally a 
complete 5-partite graph with classes of size 3. Hence F has 18 points and 
F0.1 is the complete 6-partite graph with all classes of size 3. We must 
now recover G inside the automorphism group of that graph. We recall 
that, given a point a, we have Ga=A5 or $5, acting faithfully on a -  
(Lemma 1.1 ). 
Let To={a,  a', a"} be the anticlique of F °'1 containing a and let 
TI, T2, ..., T, be the remaining five anticliques of F °' 1. These anticliques 
correspond to the five equivalence classes of Aa. By Lemma 4.5 and as G 
is transitive on the set of points of F, Ga acts faithfully on Y = { Ti} ~=o, 
fixing To. Therefore G acts as A6 or $6 on J -  and, if K is the elementwise 
stabilizer of Y in G, we have K c~ Go = 1. This forces K= 1 or 3. On the 
other hand, G~ has index 18 in G, since F has 18 points. Hence K= 3 and 
G= 3. A6 or 3. $6, according to whether G~ = As or $5. 
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If G a = S 5 then the extension G = 3- S 6 has H = 3 • A 6 as a subgroup. G 
is generated by its point-stabilizers so H ¢~ G a = A 5. It is straightforward to
show that the normal subgroup of H generated by H ¢~ Ga is transitive on 
the points of F and is therefore H. As H¢~ Ga= As, flag-transitive on the 
residue Fa of a, H is flag-transitive on /'. Therefore we can substitute G 
with H and we are in the case of G, = As. Thus from now on we will 
assume that Ga=As. Hence G = 3-A 6. 
The extension G = 3. A 6 is obviously central and G is generated by the 
(perfect) point-stabilizers and hence is perfect. Thus G is a perfect central 
extension of A 6. However, any such group has as its universal central 
extension the group 6-A 6 (see [6]). Therefore G is the unique non-split 
central extension 3. A 6. 
We must now prove that F= F(~4Q). We firstly remark that K defines a 
flag-transitive quotient of F, as it is normal in G and stabilizes all anti- 
cliques of F °' 1, acting regularly on each of them. Clearly (LL) fails to hold 
in F/K. Therefore F/K= F(~4~)/3, by Theorem 3.1. 
Let (a, x, u) be a chamber of F, with a, x, u being a point, a line, 
and a plane, respectively. Let (a', x', u') be the image of (a, x, u) under the 
projection PK of F onto F/K= F(YF)/3 and let (a*, x*, u*) be a lifting of 
(a', x', u') to a chamber of F(~4~). Let G* be the commutator subgroup 
of Aut(F(oVg)) and let K* be its centre. Clearly G~G* and every 
isomorphism of G onto G* maps K onto K*. Thus, we can assume that 
G = G* and K= K*, replacing F(oVg) with some of its isomorphic images 
if necessary. 
Given a nonempty subflag F of (a, x, u), let F' =px(F )  be the image of 
F in  (a', x', u') and let F* be the lifting o fF '  to a subflag of(a*,  x*, u*). 
Then GFK/K= G**K/K is the stabilizer of F' in G/K <<. Aut(F/K) (we recall 
that F/K= F(#g)/K). We have GF¢~ K= GF. ¢5K= 1 for every nonempty 
subflag F of (a,x, u). Thus, GFK=GFxK and GF.K=GF. xK. Hence 
GFXK=GF. xK. 
As A 5 is simple, A5 x 3 contains just one subgroup isomorphic with As. 
Therefore Ga -- G~. because Ga ~ G,. ~ As and Ga x K = G~. x K. Also, D8 
is the unique Sylow 2-subgroup of Dsx 3. Therefore Gx---G~. because 
Gx~Gx.~-D8 and G~xK=Gx. xK. 
Let now F be any subflag of (a, x, u) containing a. Then G~ and GF. are 
subgroups of Ga such that GFK= GF.K. This forces GF-= GF.. The same 
conclusion is obtained if F contains x. 
By the above, Ga,, = Ga* ~* and G~,, = G~., .. Hence G, =-G,., because 
G,= <G .. . .  G~,,> and G,. = {Ga. ,. ,  G~. , . ) .  
It is now clear that the equality G F -~ GF* also holds for every subflag F 
of (a, x, u) containing u. Thus, F and Y(J4~), viewed as coset geometries 
[11, Chap. 10], are defined by the same system of subgroups of G. 
Therefore F -  F(JUt~). 
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6.2. Case 1 with dr= 1 
We still assume that we are in Case 1, but we now assume that dr = 1. 
We will prove that F~ Af(O). 
As dr= 1, F has 16 points, F °' 1 is a complete graph, and G is 2-tran- 
sitive on the set of points of F with point stabilizer Go=As or $5. By 
checking in the list of 2-transitive groups ([5]  and Appendix 1 of [9 ]) 
we see that G = ASL(2, 4) or ASL(2, 4). 2, according to whether Go= A5 
or $5. 
Let Ga=Ss. Then G=ASL(2,4).2 and H=ASL(2,4) is point-tran- 
sitive on F. Clearly, HnGa=As, flag-transitive on F~. Hence H is also 
flag-transitive on F and, substituting G with H, we are back to the case of 
Ga = As. Therefore we will only consider this case of Go = As. Thus, let 
G o -- A 5 . Hence G = ASL(2, 4). 
Let N = 24 be the translation group of the affine group G. Given a 
point-line flag (a, x), we have IGx[ = 8 (Lemma 1.5) and LGa, xl =4. Hence 
]Nc~ Gx L = 2. Therefore N has 15 orbits of size 8 on the 120 lines of F. Let 
us call them the line-orbits of N. 
Let {a, b}, {a, c} be distinct lines on a in the same line-orbit of N, if 
possible. Let g~N map {a,b} onto {a,c}. Then g(a)=c and g(b)=a, 
because N acts regularly on the 16 points of F. However, g is an involution. 
Hence g(b)= a forces g(a)=b, contrary to the fact that g(a)= c. Thus, 
every point is incident to at most one line in each of the line orbits of N. 
As every point is incident to 15 lines and there are 15 line-orbits of N, every 
point is incident to precisely one line in each line-orbit of N. 
It is now clear that the points and the lines of F equipped with the parti- 
tion of the set of lines in the line-orbits of N is isomorphic with the anne 
geometry AG(4, 2), the line-orbits of F being bundles of parallel lines. N 
can be viewed as the translation group of AG(4, 2). 
Given a chamber (a, x, u) of F, with a, x, u being a point, a line, 
and a plane, respectively, we have G,=S4 (Lemma 1.3), G~.~= $3, and 
Gx,, -- 2 a. Thus G, n N- -  2 a and Gx, u c~ N = G x c~ N = 2. Therefore, for 
every plane u and every line x of u, u contains a line parallel to x. It is now 
clear that the planes of F are planes of AG(4, 2). 
Furthermore, N has 10 orbits of size 4 on the 40 planes of F. We call 
them the plane-orbits of N. Since N is the translation group of AG(4, 2), the 
plane-orbits of N are classes of parallel planes. Hence every point is inci- 
dent to at most one plane in each plane-orbit of N. As every point is 
incident to just 10 planes and there are 10 plane-orbits of N, every point 
is incident to just one plane in each plane-orbit of N. 
Let us define an incidence relation between line-orbits and plane-orbits 
of N by stating that a line orbit J( and a plane orbit U are incident when 
x __ u for some x e Sg and some u E U. Let F~ be the incidence structure 
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defined in this way. A point a of F is incident to just one line in each line- 
orbit of N and to just one plane in each plane-orbit of N. Therefore 
F~ ~ Fa. That is, F~ is the dual Petersen graph embedded in the geometry 
at infinity PG(3, 2) of AG(4, 2). 
The embedding of the dual Petersen graph in PG(3, 2) is unique 
(Lemma 2.1). We have called that embedding 0 in Section 2. Therefore 
F~ Af(O). 
6.3. Case 2 
We now assume F is as in Case 2. We will prove that F ~- Af(rl + ). 
By Lemma 4.4, given two points b, c ~ a - ,  we have b ~ c if and only if 
{{a, b}, {a, e}} has type 1 or 3. Therefore, given b, c as above, we have 
d(b, c) = 2 if and only if { {a, b}, {a, c} } has type 2, whereas {a, b, c} is a 
bad 3-clique if and only if ({a, b}, {a, c})eAa. 
Given a bad 3-clique { a, b, c}, let d be the unique point of a -  such that 
{a, d} belongs to the class of Aa containing {a, b} and {a, c}. Then both 
{a,b,d} and {a, c,d} are bad 3-cliques. Hence {{b,d}, {d,a}} and 
~{a, d} {d, c}} are pairs of type 3. As Ad is an equivalence relation, I 
({b, d}, {d, c})~Ad. Therefore {b, d, c} is a bad 3-clique. Hence, for every 
point ee  {a, b, c, d}, the three lines on e contained in {a, b, c, d} form one 
equivalence class of Ae. Therefore, every line on e not contained in 
{a, b, c, d} forms a pair of type 1 or 2 with each of the lines on e contained 
in {a, b, c, d}. 
It follows from the above that the transitive closure Ar of the relation 
"forming a pair of type 3 at some point" is an equivalence relation on the 
set of lines of _F. Every equivalence class of Ar consists of six lines con- 
tained in a same 4-clique of F °" ~. The 4-cliques of F °' ~ defining equivalence 
classes of Ar will be called hidden planes. 
Let F be the geometry obtained by adding the hidden planes to the set 
of planes of F. Given a point a, the hidden planes on a correspond to the 
equivalence classes of A a and, if we add them to _Fa, then we obtain the 
generalized quadrangle W(2) of order 2 (see the proof of Lemma2.1). 
Therefore /~ belongs to the following diagram 
c 
1 2 2 
(1, 2, 2 are the orders). This diagram with these orders is the same as the 
following: 
Af  
1 2 2 
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The property (LL) holds in /~. Therefore F is a (possibly improper) 
quotient of an affine polar space, by a theorem of Cuypers [ 7 ] . /~ has the 
same diameter as F. As dr ~> 2 and/~ has orders 1, 2, 2,/~ is the affine polar 
space obtained by removing a hyperplane H from the polar space .~ 
associated to the symplectic group $6(2). There are three cases to examine, 
according to the isomorphism type of H: 
(1) H - -Q~(2) .  In this case Aut(/~) = Ss with point stabilizer 2 x $6. 
As Ga = As or Ss, G has index 24 or 12 in Aut(,P). However, S s has no 
subgroups of index 24 or 12 (see [6]). Therefore Hg  Qff(2). 
(2) H= Q~-(2). Now Aut(F) = U4(2) • 2 with point stabilizer 2 x S 6. 
A contradiction is reached as in the previous case. 
(3) H= p± for some point p of ~. Now Aut(F) = Aut(~)p = 2 5. $6, 
with point stabilizer $6. The action induced by Aut(.~)p on the residue @ 
of p in .¢ a is also isomorphic with Se. 
Ga = A5 or Ss and G is transitive on the 32 points of F. Hence G = 2 s • A5 
or 2 5. $5. Leaving the case of G = 2 s. A 5 for the reader, we assume that 
G = 2 5. S s. 
G can be viewed as a subgroup of Aut(~)p. Viewed in this way, it acts 
as S s on @. Hence it stabilizes either a spread or an ovoid of the 
generalized quadrangle @ (see [6]). If G stabilizes an ovoid of @, then it 
is not transitive on the set of lines of F. However, G is transitive on the set 
of lines of /~ because F and/~ have the same lines and G is flag-transitive 
on F. Therefore G stabilizes a spread 50 of @. Given a point a of F, let 50+ 
be the set of planes X of N containing a, not containing p and such that 
Xc~ p± is contained in some plane of 50. Let 0°2 be the set of planes Y of 
containing a and such that Yc~ p± is not contained in any plane of 5 °. 
Then 50+ ~o50 2 is the set of planes of /~ on a, 150~1 =5,  150~;-1 = 10 and 
Ga stabilizes both 50~+ and 502. On the other hand, G~ acts transitively on 
the 10 planes of F on a. Therefore 5 '  2 is the set of planes of F on a. Hence 
F=~ ~'~. By Lemma 2.2, F~-Af(rI+). 
6.4. Case 3 
Let now Case 3 hold in F. That is, only four of the lines on a forming 
pairs of type 2 with {a, b} form bad 3-cliques when joined with {a, b}. By 
Lemma 4.2, the stabilizer of a in Aut(/ ' )  is As. That is, G = Aut(F) and 
Ga = As. By Lemma 4.3, the above mentioned four lines on a form one of 
the two orbits of Ga. b on the set of lines on a forming pairs of type 2 with 
{a, b}. There are two subcases to consider: 
Subcase 3.1. All pairs of lines of type 3 also form bad 3-cliques; 
Subcase 3.2. All pairs of lines forming bad 3-cliques are of type 2. 
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By Lemma 4.4, these are the only two subcases that can arise in Case 3. 
We will use results from I-2] to rule out Case 3.1 and to show that there 
is just one graph possible for F °" ~ in Case 3.2. We then show that, up to 
isomorphisms, there is at most one geometry on this graph. 
In the next lemma we assemble some known properties of amply regular 
graphs (see [2]),  to be used in Subsections 6.4.1 and 6.4.2. 
LEMMA 6.1. Suppose S is an amply regular, connected non-complete 
graph with parameters (v, k, ,~, It) and diameter dz. Let k 2 be the number of 
vertices at distance 2 from a given vertex of X: 
(i) kzkt=k(k - )~- I  ). 
(ii) k~>22 +3- / t .  
(iii) Ifdz>>-3, thenkz~>k~>2+/t+l .  
(iv) I f  k= 31~- 3 and 2=21t -4  then lze {2,3, 4, 6,8,10} and there 
is a unique graph for each of the above values of lz. In the case o f# = 6 the 
graph is the halved 6-cube D6,6(1 ) (notation as in [2, 3.14]). 
(v) l f  ~ is strongly regular but not a conference graph, then the roots 
of the equation t 2 H- ( I t  - -  2) t + (It -- k) = 0 are integers. 
6.4.1. Subcase 3.1 
Assume that we are in Subcase 3.1. The point-line graph F °'1 has 
valency k = 15 and for any point a the subgraph induced on a -  is regular 
with valency 2=10.  For any bEa-  let bi (1~<i~<4) be the points of 
b- - ({a}ua- ) .  Then {{a,b},{b,  bi}} is of type2 for each i, so 
{bl, b2, b3, b4} is an orbit of Ga, b. Hence Ga acts transitively on the set of 
points at distance 2 from a. It follows that F °' 1 is amply regular. By 
Lemma6.1(i), kt divides 60. By Lemma6.1(ii) #>~8 and then, by 
Lemma 6.1(iii), F °' 1 has diameter dr=2;  i.e., it is strongly regular. The 
possibilities for # are 10, 12, and 15. The corresponding values for the 
number v of points are 22, 21, and 20, respectively. 
If v = 20, then k 2 = 4 and A 5 acts transitively on four points, but this is 
impossible. If v=21 then G has order 21.60, but then G cannot have a 
line stabilizer of order 8, contrary to Lemma 1.5. Thus v = 22 and F °" 1 has 
parameters (22, 15, 10, 10) and is not a conference graph (2=~#-1) .  By 
Lemma6.1(v) the roots of t2=5 are integers, a contradiction. Hence 
Subcase 3.1 is not possible. 
6.4.2. Subcase 3.2 
Subcase 3.2 remains to be considered. We first remark that AfO l - )  is an 
example for Subcase 3.2. Indeed Af (~- )  satisfies (LL) but not (T); hence 
it arises from one of the Cases 1, 2, 3. Since Cases 1 and 2 have given us 
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F(~) ,  Af(O), and Af(rl +) and Subcase 3.1 is impossible, Af(r  1 ) must be 
as in Subcase 3.2. 
We will now prove that there is at most one example for Subcase 3.2. 
Thus, since Af(r  1 ) is in fact an example for it, it is the only one. 
Let F be as in Subcase 3.2. We will first prove the uniqueness of the 
graph F °' 1 Then we will prove that F °' ~ and the action on a ~ of the stabi- 
lizer in G of a point a uniquely determine the system of planes of F, thus 
proving the uniqueness of F. 
LEMMA 6.2. G acts transitively on unordered pairs" of points at distance 2. 
Proof Let us suppose that G is not transitive on unordered pairs of 
points at distance 2. For any point a and any c e a - ,  there are six orbits 
of Go.c on c - :  three orbits of length 1 and three orbits of length 4. The 
orbits of length 1 are {a}, {bl}, and {b2}, say, where {{a, c}, {c, bi}} is of 
type 3 for i=  1, 2. The orbits of length 4 are D, D1,  and D 2, say, where 
{{a, c}, {c, d}}, {{bl, c}, {c, dl} }, {{b2, c}, {c, d2} } are of type 1 for any 
deD,  d 1ED1, d2eD 2. Moreover, from Section 4 we see that one of D1, D2 
lies in a -  and the other in the set a ~" 2 of points at distance 2 from a. We 
label bl, b2 such that D 1 __ a -  and D2-Ca -'2. By Lemma 4.1 we conclude 
that {c, a} ~ = D u D1, {c, bl} - = D1 ~3 D2,  {C, b2} - = D w D 2, The orbits 
of  Ga, c on a ~ '2  ~ c~ are {hi} , {b2} and D z. 
By Lemma4.4, {a, bl} and {a, b2} are in the same orbit under G. It 
follows that a - '  2 can be partitioned into two subsets Xa, 2, Xa,3, where 
beX, . i  if and only if {{a,e}, {e,b}} is of type i for every e~{a,b}- ,  
i = 2, 3. Moreover, Xa, 3 is either an orbit of Ga or a union of two orbits, 
and it is a union of two orbits precisely when b~ and ba lie in different 
orbits. 
As IGa, b~l = IG~.b21, if Jk/-a, 3 is the union of two orbits then these orbits 
have the same size. Let k3 = IX~,31 and / /3=[{a ,  b l}~l ,  then k3kt3=30.  
Tr iv ia l l y  //3 ~ 15. From the above we see that {c} wD 1 ~_ {a, bl} ~ and 
{a, bl} - c~ D = ~.  Hence 5 ~< [A3 ~ 11, so [23 = 5, 6, or 10 and k 3 = 6, 5, or 
3, respectively. 
Let 1 be the length of an orbit contained in X~, 3- Then k 3 = l or  k 3 = 21 
and l[G~.b~[=[G~l=60. Moreover, Go,~=G .... ~ (by Lemma4.4) so 
G~, ~ ~ G~. b~, thus 4 divides I G~, b~ J. Noting that G~ cannot have an orbit of 
length 3 we are left with one possibility: ~/3 = 6, k 3 = l=  5, and [G~,b,I = 12. 
The alternating roup A s has just one conjugacy class of subgroups of 
order 12. Each of them is isomorphic to A4 and has two orbits on the set 
of points of the dual Petersen graph, of size 3 and 12. Thus Ga, b~ has orbits 
of length 3 and 12 on a~. But this is incompatible with #3 = 6. Hence 
there are no cases where G is intransitive on unordered pairs of points at 
distance 2. I 
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COROLLARY 6.3. F o, 1 is amply regular. 
Proof F °' ~ is regular (with valency k = 15) and the graph induced by 
F °' a on the neighbourhood of a point is regular (with valency 2=8).  
Hence F °' 1 is amply regular by Lemma 6.2. | 
LEMMA 6.4. F °'1 is the halved 6-cube D6,6(1 ). 
Proof Let a be any point of F and let k 2 be the number of points at 
distance 2 from a. Then by Lemma 6.1(i), kz]A = 90. As argued in the proof 
of Lemma 6.2, 5<~/~<11, so /~=5,6,9,  or 10 and k2=18 , 15, 10, or 9, 
respectively. 
Suppose that /~=10. Then by Lemma6.1(iii), dr=2 and so F °'1 is 
strongly regular. F °'1 cannot be a conference graph (k¢2/~) so by 
Lemma6.1(v) the equation tz+2t=5 has integer roots. The evident 
contradiction shows that p ¢ 10. 
By Lemma 6.2, [ Ga, ~l is the same for all b at distance 2 from a and there- 
fore the set a - '  2 of points at distance 2 from a is the union of (one or 
more) equally-sized orbits under Ga. 
Let e ~ a -  and let b ~ c-  c~ a - '2  be such that {{a, c}, {c, b}} is of type 3. 
Then c-  (sa ~'2 has size 6 and consists of orbits of lengths 1, 1, and 4 
under G ....  so the orbits of G a on a ~'2 have length greater than 1; i.e., 
]Ga, b] < 60. By Lemma 4.4, G~,e = G .... b ~< Ga, b. Hence the only possibilities 
for Ga, b are 22 and A 4. If Ga, b = A4 then G~, b has orbits of length 3 and 
12 on a - ,  but this is impossible with/~ = 5, 6, or 9. Hence G~,b = 22 and G~ 
has orbits of length 15 on a - '  2. This leaves only the possibility that/~ = 6 
and k2= 15. Hence/ ' ° '1=D6,6(1) ,  by Lemma 6.1(iv). | 
Let us recall a construction of the graph 06, 6(1) (cf. [2]). Its vertices are 
the even weight codewords in the binary code of length 6 and two vertices 
are adjacent if they are at distance 2 in the code. The automorphism group 
of D6,6(1 ) is 25-86, a split extension of the translation group 25 by $6 
acting on the six positions of a codeword. The vertices adjacent to 
(0, 0, 0, 0, 0, 0) are the 15 codewords with two l's and four O's. Let G= 
Aut(D6,6( I)) .  Then ~ has two orbits of 4-cliques in D6,6(1), represented 
by 
{(0, 0, 0, 0, 0,0), (1, 1, 0, 0, 0, 0), (1,0, 1, 0, 0, 0), (0, 1, 1, 0, 0, 0)} 
which is a maximal clique and by 
{(0, 0, 0, 0, 0, 0), (1, 1, 0, 0, 0, 0), (1,0, 1, 0,0, 0), (1, 0, 0, 1, 0, 0)} 
which is non-maximal. We immediately observe the following. 
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LEMMA 6.5. I f  U is a maximal 4-clique in D6, 6(1) and a ~ u, then ~ .... = 
S3xS 3. I f  u is a non-maximal 4-clique in D6,6(1 ) and aeu ,  then 
G~, ~ = 2 x $3 and an element o f  order 3 in do, ,  has a f ixed  vertex in a~, 
COROLLARY 6.6. The shadow o f  a plane o f f  is a maximal 4-clique in F °' ~. 
Proof  If u is a plane of F and a is a point incident with u then Go, 
contains an element of order 3 which fixes no point of a ~. By Lemma 6.6, 
a(u) is a maximal 4-clique. | 
LEMMA 6.7. There is at most one geometry F for  the diagram c. P* with 
F° '  1 = D6,6(1). 
Proof  We show that there are two ways of constructing a c .P*  
geometry on D6, 6(1), but that the two geometries are isomorphic. 
Let a be the point represented by the codeword (0, 0, 0, 0, 0, 0). Then Go 
(=As)  is a subgroup of the group $6 of all the permutations of the set 
of the six positions of a codeword. 
A maximal 4-clique of F °' ~ containing a corresponds to a 3-subset of £2. 
There are twenty 3-subsets of O. For any plane u incident o a, G .... = $3, 
which is maximal in A5, so Ga acts primitively on the 10 planes containing 
a; i.e., u is the only plane containing a which is fixed by Ga, ,. Let f2 u be 
the 3-subset of £2 corresponding to u and let u' be the maximal 4-clique 
corresponding to £2-  ;2 u. Then u' is fixed by Ga, ~ and is therefore not a 
plane. It follows that the 20 maximal 4-cliques containing a fall into two 
orbits of length 10 under G,. Hence the planes of F are given by one of 
these orbits, together with all its translations. 
Let H ,  be the subgroup of $6 that is isomorphic to $5 and contains Ga. 
Then H,  permutes the two Go-orbits of maximal 4-cliques containing a. If 
H,  fixes each orbit, then at least one orbit gives rise to a geometry with the 
automorphism group containing 25.$5, but this is impossible, since 
Ga = As. Hence there must be elements of Ha interchanging the two orbits. 
Hence there is a geometry arising from each orbit and the two geometries 
are isomorphic. | 
We know that AfOl  ) is an example for Subcase 3.2. By Lemmas 6.4 
and 6.7, that is the unique example for this case. Theorem 3.2 is proved. 
7. ON FINITE QUOTIENTS OF _F 'I AND /-II 
The main objective of this paper is the proof of Theorems 3.1 and 3.2 
using geometrical methods (and with no reliance on computers). In this 
section, however, we record results obtained by the first author using 
QUOTPIC [8 ], the computer program developed by D. Holt and S. Rees. 
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We turn back to the groups G I'A, G IB, G tt'A, and G II'B and to the 
geometries F ~ and F ~ defined in Subsection 1.2. It is straightforward to 
recognize a presentation for G ~A in the following: 
a 2=b 2=c a=d 2= 1, 
(ab) 3 = (ac) 2 = (ad) 2 = (bc) 5 = (bd) 3 = (cd) 2 = 1, 
(bcd)5= 1. 
(Note that Go = (a,  b, c) ,  G 1 = (a,  c, d ) ,  and G2 = (b, c, d ) ,  with Go, 
G1, G2 as in Subsection 1.2) Note that, if we substitute the relation 
(ab) 3 = 1 with the pair of relations (ab) 4 = 1 and (abd) 3 = 1, then we again 
obtain a presentation of G I'A. 
As we have remarked in Subsection 1.2, Meixner [ 10] has proved that 
G ~'A is infinite, using CAYLEY. However, Meixner does not give us a 
simple explicit description of G ~A (although a description is implicit in 
what he says on that group). Using QUOTP IC  we have found that G ~A is 
an extension of the infinite abelian group Z 6 by a group 2 6. A 5. Therefore, 
and since Af (O)  is a quotient of F I and 2 4. A5 is the commutator  subgroup 
of Aut (A f (O) )  = 2 4. $5, we have G IB = Z 6" 2 6. S 5 . A presentation of G ~B is 
given by Meixner [ 10]. 
We have added the relation (abcbd)4= 1 to the above presentation of 
G IA. The resulting set of relations turns out to be a presentation for the 
commutator  subgroup 2 6. A 5 of Aut(Af(e)). Thus, some characterization 
of Af (e )  is implicit in the relation (abcbd) 4 =- 1. However, it is not clear at 
all which geometric property might correspond to it. 
We have also tried to see what happens if we add the relation 
(abcbd) 4" = 1 to the above presentation of G ~A for some small values of n. 
In every case we have got a presentation for a subgroup rt 6. 2 6` A5 of G I'A. 
It is likely that the same happens for arbitrarily large values of n, or even 
for every positive integer n. If so, we would get a finite n6-fold cover of 
Af (e )  for arbitrarily large integers n. 
The above also suggest he following conjecture: a quotient F I /N  of F ± 
by a normal subgroup N of G ~'A is finite if and only if N contains some 
power of abcbd. 
Let us turn to G IIa. It is easy to see that the following is a presentation 
for it: 
a z = b 2 = C 2 = 6 2 = 1, 
(ab) 3 = (ad) 2 = (be) s = (bd) 3 = (cd)  2 = 1, 
(bcd) 5 = 1, 
(ac) 2 = d. 
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(Go = (a,  b, c),  G, = (a,  c),  and G 2 = (D, c, d) .  As in the case of G IA, 
we can also substitute the relation (ab) 3= 1 with the pair of relations 
(abe) 4= 1 and (abd)3= 1.) Again using QUOTP IC  we have found that 
G ILA = Z 5. A 6. Hence G ~-B = Z 5- $6 (see Meixner [10] for a presentation 
of this group). 
It turns out that, if we add the relation (abc) 4 = 1 to the above, then we 
get a presentation for the automorphism group A6 of F(~)/3. We have 
also tried relations of the form (abc)gn= 1 for a few small values of n. In 
every case we have got a subgroup n S- A 6 of G II'A, whence we have an 
nS-fold cover of F(gg)/3 (note that F(+'4 ~) cannot appear in this context). 
Perhaps, the same happens for arbitrarily large values of n, maybe for all 
values. Thus, we can conjecture that a flag-transitive quotient I ' I I /N  of F n 
is finite if and only if N contains some power of abc. 
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